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ASYMPTOTIC PROPERTIES OF C0-SEMIGROUPS UNDER
PERTURBATIONS
MARTIN ADLER
Abstract. For a given C0-semigroup (T (t))t≥0 we consider Staffans-Weiss perturbations
(B,C) of its generator as studied in [1] and investigate the robustness of asymptotic
properties of the perturbed C0-semigroup (TBC(t))t≥0. As a concrete application we
study the asymptotic behavior of a neutral semigroup.
1. Introduction
In 1953, R. Phillips [20] started the investigation of qualitative properties of C0-semigroups
which are preserved under bounded perturbations of their generators and showed that
immediate norm continuity is one of them. Since then, many such invariant properties
(or counterexamples) for bounded and unbounded perturbations have been found, see
[10, 14, 17, 21, 24, 23].
In this paper we concentrate on asymptotic properties and therefore consider subspaces
E ⊂ Cub(R+, X) of functions f ∈ E having a certain characteristic asymptotic property. We
start with a bounded C0-semigroup (T (t))t≥0 having orbits in E and call E a robust subspace
for some perturbation if the orbits of the perturbed semigroup remain in E. Moreover, the
asymptotic property is said to be robust under this perturbation.
Such robust asymptotic properties have been investigated for Miyadera-Voigt (see V.
Casarino and S. Piazzera [8]) and Desch-Schappacher perturbations (see L. Maniar [16]).
We refer to [6, 5, 7, 15] for further publications treating similar questions.
In this note we extend such results to the class of Staffans-Weiss perturbations. This class
was introduced by George Weiss [28, Thms. 6.1, 7.2] and Olof Staffans [22, Sects. 7.1, 7.4]
in the context of regular linear systems. We use the operator-theoretic approach given in
[1].
2. Staffans-Weiss Perturbation Theory
We recall the Staffans-Weiss perturbation theorem as stated in [1, Theorem 3.1]. To this
aim, let (A,D(A)) be the generator of a C0-semigroup (T (t))t≥0 on the Banach space X.
Consider an additional Banach space U and operators B ∈ L(U,XA−1), C ∈ L(Z, U), where
XA−1 is the extrapolation space with respect to A (see [11, III. Section 5]) and Z is a Banach
space such that XA1 →֒ Z →֒ X. Under compatibility and admissibility assumptions on
the pair (B,C) it is shown that ABC := (A−1 +BC)|X with domain
D(ABC) := {x ∈ Z : A−1x+BCx ∈ X}
generates a C0-semigroup (TBC(t))t≥0 on X (see [1, Thm. 3.1]). Let us make this more
precise.
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Definition 2.1. Under the above assumptions, the triple (A,B,C) is called compatible if
for some λ ∈ ρ(A) we have
range
(
R(λ,A−1)B
)
⊂ Z.
Definition 2.2. Let the triple (A,B,C) be compatible and take 1 ≤ p <∞.
(i) The operator B ∈ L(U,XA−1) is p-admissible if there exists t > 0 such that for all
u ∈ Lp(0, t;U) ∫ t
0
T−1(t− s)Bu(s) ds ∈ X.
In this case we define for each t > 0 the control map Bt ∈ L(L
p(0, t;U), X) corre-
sponding to A and B as in [1, Rem. 2.2].
(ii) The operator C ∈ L(Z, U) is p-admissible if there exists MC ≥ 0 and t > 0 such that∫ t
0
‖CT (s)x‖pU ds ≤MC ‖x‖
p
X
for all x ∈ D(A). In this case we define for each t > 0 the observation map Ct ∈
L(X,Lp(0, t;U)) corresponding to A and C as in [1, Rem. 2.4].
(iii) The pair (B,C) ∈ L(U,X−1) × L(Z, U) is p-admissible if there exists MBC ≥ 0 and
t > 0 such that ∫ t
0
∥∥∥∥C
∫ r
0
T−1(r − s)Bu(s) ds
∥∥∥∥
p
U
dr ≤MBC ‖u‖
p
p
holds for all u ∈ W 2,p0 (0, t;U) := {f ∈ W
2,p(0, t;U) : f(0) = f ′(0) = 0}. In this case
we define for each t > 0 the input-output map Ft ∈ L(L
p(0, t;U)) corresponding to
A, B and C as in [1, Rem. 2.7].
Remark 2.3. If the C0-semigroup (T (t))t≥0 is uniformly exponentially stable, it suffices to
require admissibility for one t > 0 only to obtain time independent constants MB, MC and
MBC , see [25, Rem. 2.6], [26, Rem. 2.4], [27, Prop. 2.1].
We now recall the class of perturbations considered in [1].
Definition 2.4. Let (A,D(A)) be the generator of a C0-semigroup (T (t))t≥0 on a Banach
space X, B ∈ L(U,XA−1) and C ∈ L(Z, U) for some Banach space Z satisfying X
A
1 →֒
Z →֒ X. We call the pair (B,C) a Staffans-Weiss perturbation of A if for some 1 ≤ p <∞
the following conditions are satisfied:
(i) The triple (A,B,C) is compatible.
(ii) The operator B is p-admissible.
(iii) The operator C is p-admissible.
(iv) The pair (B,C) is p-admissible.
(v) The operator I − Ft is invertible for some t > 0.
For such perturbations the following result holds (see [22, 28] or [1]).
Theorem 2.5. Let (A,D(A)) be the generator of a C0-semigroup T = (T (t))t≥0 on a
Banach space X. Assume that (B,C) is a Staffans-Weiss perturbation of A. Then
(1) ABC := (A−1 +BC)|X , D(ABC) :=
{
x ∈ Z : A−1x+BCx ∈ X
}
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generates a C0-semigroup TBC = (TBC(t))t≥0 on the Banach space X satisfying
(2) TBC(t)x = T (t)x+
t∫
0
T−1(t− s)BCTBC(s)xds for x ∈ D(ABC).
3. Robustness of asymptotic properties
We now turn to the investigation of robustness of asymptotic properties of C0-semigroups
under Staffans-Weiss perturbations. To do so, we consider the orbits Tx := [t 7→ T (t)x]
and TBCx for all x ∈ X. For a bounded C0-semigroup (T (t))t≥0 the orbits Tx belong to
Cub(R+, X), the space of all bounded, uniformly continuous functions from R+ to X. We
now look for subspaces E ⊂ Cub(R+, X) appropriate for our purpose.
Definition 3.1. Let E ⊂ Cub(R+, X) be a closed subspace. We call E an asymptotic
subspace if for all t ≥ 0 and f ∈ Cub(R+, X)
S(t)f ∈ E =⇒ f ∈ E,(3)
where (S(t))t≥0 denotes the left translation semigroup on Cub(R+, X).
Remark 3.2. The authors of [4, 8] call subspaces satisfying (3) translation-(bi)invariant.
We present a list of bounded C0-semigroups whose orbits lead to asymptotic subspaces,
see [4, Sect. 7] and [8].
(i) (T (t))t≥0 is bounded, i.e., there exists a constant M ≥ 1 such that ‖T (t)‖ ≤M for all
t ≥ 0.
(ii) (T (t))t≥0 is compact, i.e., for all x ∈ X the orbits Tx are relatively compact in X.
(iii) (T (t))t≥0 is weakly compact, i.e., for all x ∈ X the orbits Tx are relatively weakly
compact in X.
(iv) (T (t))t≥0 is uniformly compact, i.e., {T (· + t)x : t ∈ R+} ⊂ Cb(R+, X) is relatively
compact for all x ∈ X, where T (·+ t)x := [s 7→ T (s+ t)x] ∈ Cub(R+, X).
(v) (T (t))t≥0 is uniformly weakly compact, i.e., {T (· + t)x : t ∈ R+} weakly relatively
compact in Cb(R+, X) for all x ∈ X.
(vi) (T (t))t≥0 is strongly stable, i.e., ‖T (t)x‖ → 0 as t→∞ for all x ∈ X.
(vii) (T (t))t≥0 is weakly stable, i.e., |〈φ, T (t)x〉| → 0 as t→∞ for all x ∈ X and φ ∈ X
′.
(viii) (T (t))t≥0 is mean ergodic, i.e., for every x ∈ X the Cesaro limit
lim
t→∞
1
t
∫ t
0
T (s)x ds
exists in X.
(ix) (T (t))t≥0 is uniformly ergodic, i.e., for every x ∈ X the Cesaro limit
lim
t→∞
1
t
∫ t
0
T (·+ s)x ds
exists in Cub(R+, X).
We now express our problem in abstract form. Let E ⊂ Cub(R+, X) be an asymptotic
subspace and let T = (T (t))t≥0 be a bounded C0-semigroup such that all orbits Tx belong
to E. Under what conditions on the Staffans-Weiss perturbation (B,C) do the orbits of
the perturbed C0-semigroup TBC = (TBC(t))t≥0 remain in E? If this is the case, then we
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call E a robust subspace for (B,C).
In order to find appropriate perturbing operators, we strengthen the requirements on the
Staffans-Weiss perturbation (B,C).
Definition 3.3. Let (A,D(A)) be the generator of a C0-semigroup (T (t))t≥0 on a Banach
space X. We call a Staffans-Weiss perturbation (B,C) (p as in Definition 2.4) an infinite-
time Staffans-Weiss perturbation of A if
(i) B is infinite-time p-admissible, that is, there exists MB ≥ 0 such that for all t > 0
and u ∈ Lp(0, t;U) we have∫ t
0
T−1(t− s)Bu(s) ds ∈ X
and ∥∥∥∥
∫ t
0
T−1(t− s)Bu(s) ds
∥∥∥∥
X
≤MB ‖u‖Lp(0,t;U) ,
(ii) supt>0 ‖(I − Ft)
−1Ct‖L(X,Lp(0,t;U)) <∞.
Under these additional assumptions, our perturbation result reads as follows.
Proposition 3.4. Let (A,D(A)) be the generator of a bounded C0-semigroup T = (T (t))t≥0
and assume that (B,C) is an infinite-time Staffans-Weiss perturbation of A. Then (ABC , D(ABC))
generates a bounded C0-semigroup TBC = (TBC(t))t≥0 on the Banach space X.
Proof. By Theorem 3.1 in [1], the perturbed semigroup (TBC(t))t≥0 is given by
TBC(t)x = T (t)x+Bt(I − Ft)
−1
Ctx, x ∈ X.(4)
The boundedness of (TBC(t))t≥0 follows since (T (t))t≥0 is bounded and
sup
t>0
∥∥Bt(I − Ft)−1Ctx∥∥X ≤MB sup
t>0
∥∥(I − Ft)−1Ctx∥∥p <∞
by Definition 3.3 (i) and (ii). 
Remark 3.5. (i) Let (A,D(A)) be the generator of a bounded C0-semigroup (T (t))t≥0
on X. Proposition 3.4 states that E = Cub(R+, X) is robust for all infinite-time
Staffans-Weiss perturbations (B,C) of A.
(ii) In Proposition 3.4 we obtain the generator property of ABC without a rescaling of
the original semigroup (T (t))t≥0. Thus, it allows us to investigate the robustness of
asymptotic properties under Staffans-Weiss perturbations.
Remark 3.6. Let the C0-semigroup (T (t))t≥0 be uniformly exponentially stable with a
compatible triple (A,B,C) such that B, C and (B,C) are p-admissible with 1 ∈ ρ(Ft) for
some t > 0 and 1 ≤ p <∞. By Remark 2.3 and [1, Lemma 3.3] the condition∥∥T (t) +Bt(I − Ft)−1Ct∥∥ < 1 for some t > 0(5)
implies that 1 ∈ ρ(F∞) and thus (B,C) is an infinite-time Staffans-Weiss perturbation of
A. Then the perturbed C0-semigroup (TBC(t))t≥0 remains uniformly exponentially stable
by (4) and [11, V. Prop. 1.7].
The following theorem is our main result.
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Theorem 3.7. Let (T (t))t≥0 be a bounded C0-semigroup on X with generator (A,D(A))
and let E be an asymptotic subspace such that Tx ∈ E for all x ∈ X. If (B,C) is an
infinite-time Staffans-Weiss perturbation of A, then E is a robust subspace for (B,C).
In the proof we shall use techniques proposed in [4] and continued in [8, 16].
Proof. We notice that (I−Ft)
−1Ctx ∈ L
p(0, t;U) for all x ∈ X, t > 0, and p as in Definition
2.4. Further, [t 7→ (I − Ft)
−1Ctx(t)] ∈ L
p(R+, U) by Definition 3.3 (ii).
By Formula (4) it suffices to show that [t 7→ Btu] ∈ E for all u ∈ L
p(R+, U). From the
assumption on B we obtain that
B : Lp(R+, U)→ Cb(R+, X),
u 7→ Bu
is a bounded operator, where (Bu)(t) := Btu. In fact, the strong continuity of (Bt)t≥0
(see [1, Lemma 3.2]) implies the continuity of Bu. The boundedness of Bu follows from
Definition 3.3 (i), i.e.,
‖Bu‖Cb(R+,X) = sup
t>0
‖Btu‖ ≤MB ‖u‖p .
We show that f := Bu˜ ∈ E for all u˜ = 1|(a,b)⊗u, u ∈ U , and 0 ≤ a < b. The left translation
semigroup on Cub(R+, X) is denoted by (S(t))t≥0. For t > 0 we have the identity
S(b)f(t) = Bt+bu˜ =
∫ t+b
0
T−1(t+ b− s)Bu˜(s) ds
=
∫ b
a
T−1(t + b− s)Bu ds
= T (t)
∫ b−a
0
T−1(b− a− s)Bu ds
= T (t)Bb−a
(
1|(0,b−a) ⊗ u
)
.
Using the admissibility of B we have Bb−a
(
1|(0,b−a) ⊗ u
)
∈ X. Since Tx ∈ E for all x ∈ X,
we obtain S(b)f ∈ E. Thus, Bu˜ ∈ E since E is an asymptotic subspace.
Finally, we obtain Bu ∈ E for all u ∈ Lp(R+, U) since the step functions are dense in
Lp(R+, X) and E is closed. 
Remark 3.8. (a) In contrast to the results by Casarino, Piazzera [8] and Maniar [16] we
do not assume the subspace E to be operator invariant, i.e.,
f ∈ E ⇒ [t 7→Mf(t)] ∈ E ∀M ∈ L(X).
(b) If one only wants that an individual orbit TBCx belongs to E for some x ∈ X, it
suffices to assume Tx ∈ E and Bux ∈ E, where ux ∈ L
p(R+, U) is given by
ux|[0,T ] := (I − FT )
−1
CTx ∀ T > 0.
In the next corollary we show that Theorem 3.7 generalizes Theorem 3.5 from [8] on
Miyadera-Voigt perturbations.
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Corollary 3.9. Let (T (t))t≥0 be a bounded C0-semigroup with generator (A,D(A)) and
uniform bound M . Take C ∈ L(X1, X) satisfying∫ t
0
‖CT (s)x‖ ds ≤ q ‖x‖(6)
for all x ∈ D(A), some 0 ≤ q < 1, and all t > 0. If E is an asymptotic subspace with
Tx ∈ E for all x ∈ X, then E is a robust subspace for (Id, C).
Proof. We show that the assumptions of Theorem 3.7 are satisfied. For arbitrary t0 > 0
and f ∈ L1(0, t0;X) we obtain∥∥∥∥
∫ t0
0
T (t0 − s)f(s) ds
∥∥∥∥ ≤M
∫ t0
0
‖f(s)‖ ds = M ‖f‖1 .
Hence Id is infinite-time 1-admissible, while condition (6) implies the 1-admissibility of C.
We obtain ∫ t0
0
∥∥∥∥C
∫ t
0
T (t− r)u(r) dr
∥∥∥∥ dt ≤ q ‖u‖1(7)
for all t0 > 0 and u ∈ L
1(0, t0, U). In fact, take λ ∈ ρ(A). For u = 1|[a,b] ⊗ x, x ∈ D(A),
0 ≤ a < b ≤ T , we have∫ t0
0
∥∥∥∥C
∫ t
0
T (t− r)u(r) dr
∥∥∥∥ dt =
∫ t0
0
∥∥∥∥CR(λ,A)
∫ t
0
T (t− r)(λ−A)u(r)dr
∥∥∥∥ dt
=
∫ t0
0
∥∥∥∥
∫ t
0
CT (t− r)u(r)dr
∥∥∥∥ dt
≤
∫ t0
0
∫ t
0
1|[a,b](r) ‖CT (t− r)x‖ dr dt
=
∫ t0
0
1|[a,b](r)
∫ t0−r
0
‖CT (t)x‖ dt dr
≤ q ‖x‖ (b− a) = q ‖u‖1 .
The above estimate holds for step functions having values in D(A) by linearity and we
obtain (7) by the density of such functions in L1(0, T,X) for all T > 0. Hence, (Id, C)
is 1-admissible and 1 ∈ ρ(Ft0) for all t0 > 0 with supt0>0 ‖(I − Ft0)
−1‖ ≤ (1 − q)−1. For
x ∈ D(A) we have
sup
t0>0
∥∥(I − Ft0)−1Ct0x∥∥ ≤ (1− q)−1 sup
t0>0
∫ t0
0
‖CT (s)x‖ ds ≤
q
1− q
‖x‖ ,
and (Id, C) is an infinite-time Staffans-Weiss perturbation of A. 
Before we consider Desch-Schappacher perturbations in Proposition 3.10 and show that
Theorem 3.7 relates to Section 3 in [16], we first recall the definition of the Favard class of
a C0-semigroup (T (t))t≥0 on X given by
F1 :=
{
x ∈ X : sup
t>0
∥∥∥∥1t (T (t)x− x)
∥∥∥∥ <∞
}
⊂ X
equipped with the norm ‖x‖F1 := supt>0
∥∥1
t
(T (t)x− x)
∥∥, see [11, II. Def. 5.10].
We denote the Favard class associated to the extrapolated C0-semigroup (T−1(t))t≥0 by F0
ROBUSTNESS OF ASYMPTOTIC PROPERTIES 7
Let (T (t))t≥0 be a C0-semigroup such that ‖T (t)‖ ≤ Me
ωt for some M > 0 and ω > ω0.
Then there exists a constant m > 0 such that∥∥∥∥
∫ t
0
T−1(t− r)f(r) dr
∥∥∥∥
X
≤ m
∫ t
0
eω(t−r) ‖f(r)‖F0 dr(8)
for all f ∈ L1loc(R+, F0) and t > 0, see [18, Prop. 3.3].
In Proposition 3.10 and Example 3.12 we give some elementary examples of infinite-time
Staffans-Weiss perturbations.
Proposition 3.10. Let (T (t))t≥0 be a uniformly exponentially stable C0-semigroup with
generator (A,D(A)), i.e., ‖T (t)‖ ≤Me−ωt for all t > 0 and some ω > 0. If B ∈ L(X,F0)
satisfies m ‖Bx‖F0 < ω ‖x‖ for all x ∈ X, then (B, Id) is an infinite-time Staffans-Weiss
perturbation of A, where the constant m is as in (8).
Proof. In [1, Thm. 4.1] the authors show that (B, Id) is a Staffans-Weiss perturbation of A
and the operator B is infinite-time 1-admissible since the semigroup (T (t))t≥0 is uniformly
exponentially stable, see Remark 2.3. It remains to show that
sup
t>0
∥∥(I − Ft)−1[T (·)x]∥∥L1(0,t;X) <∞ ∀x ∈ X.
For all x ∈ X and n ∈ N0 we have∫ ∞
0
‖Fnt [T (·)x](t)‖ dt ≤
(
m ‖B‖
ω
)n
M
ω
‖x‖ .(9)
In fact, for n = 0 we obtain ∫ ∞
0
‖T (t)x‖dt ≤
M
ω
‖x‖ .
Assume that (9) holds for some n ∈ N. By (8) we have∫ ∞
0
∥∥Fn+1t [T (·)x](t)∥∥ dt =
∫ ∞
0
∥∥∥∥
∫ t
0
T−1(t− r)BF
n
r [T (·)x](r) dr
∥∥∥∥ dt
≤ m ‖B‖
∫ ∞
0
∫ t
0
e−ω(t−r) ‖Fnr [T (·)x](r)‖dr dt
= m ‖B‖
∫ ∞
0
eωr ‖Fnr [T (·)x](r)‖
∫ ∞
r
e−ωt dt dr
=
m ‖B‖
ω
∫ ∞
0
‖Fnr [T (·)x](r)‖dr
≤
(
m ‖B‖
ω
)n+1
M
ω
‖x‖ .
Hence, for x ∈ X we obtain∥∥∥∥∥
∑
n∈N0
F
n
t [T (·)x]
∥∥∥∥∥
1
≤
∑
n∈N0
‖Fnt [T (·)x]‖1 ≤
M
ω −m ‖B‖
‖x‖
and the assertion (9) follows. 
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Remark 3.11. Following the proof in [16, Sect. 3]1 we obtain
sup
t>0
∥∥B(I − Ft)−1Ct∥∥L(X,L1(0,t;F0)) <∞
with similar arguments as above. Hence, under the assumptions in [16] the pair (B, Id)
need not be an infinite-time Staffans-Weiss perturbation of (A,D(A)) in general.
Next, we discuss boundary perturbations of translation semigroups, see [12] and [1, Sect.
4.3].
Example 3.12. Let (T (t))t≥0 be the left translation C0-semigroup on X = L
1(R−) gener-
ated by
Af = f ′, f ∈ D(A) := {f ∈ W 1,1(R−) : f(0) = 0}.
We denote by A−1 the generator of the extrapolated C0-semigroup (T−1(t))t≥0 on X
A
−1. For
λ ∈ ρ(A) = {λ ∈ C : Reλ > 0}, we define the Dirichlet operator corresponding to λ and(
d
ds
,W 1,1(R−)
)
,
Dλ =
(
δ0|ker(λ− dds)
)−1
: C→ L1(R−)
c 7→ ceλ·.
Let C ∈ C0(R−)
′ satisfy ‖C‖ < 1. Then ((λ−A−1)Dλ, C) is an infinite-time Staffans-Weiss
perturbation of A.
Proof. We can represent the operator C ∈ C0(R−)
′ as a Riemann-Stieltjes integral
Cf =
∫
R
−
f(s) dµ(s), f ∈ C0(R−),
where µ is a regular complex Borel measure on R− that satisfies |µ| (R−) = ‖C‖ < 1. Here,
|µ| is the variation of µ.
We first verify that the triple (A, (λ− A−1)Dλ, C) is compatible. For c ∈ C we have
R(λ,A−1)(λ−A−1)Dλc = ce
λ· ∈ C0(R−).
Next, for u ∈ W 1,10 (0, t0), t0 > 0, we have∫ t0
0
T−1(t0 − r)(λ− A−1)Dλu(r) dr = e
λt0
∫ t0
0
e−λ(t0−r)T−1(t0 − r)(λ− A−1)Dλe
−λru(r) dr
= eλt0
(
Dλe
−λt0u(t0)−
∫ t0
0
e−λ(t0−r)T (t0 − r)Dλ[e
−λru(r)]′ dr
)
= Dλu(t0)−
∫ t0
0
T (t0 − r)Dλ[u
′(r)− λu(r)] dr
= eλ·u(t0) +
∫ t0
max{0,·+t0}
λu(r)eλ(·+t0−r) dr
−
∫ t0
max{0,·+t0}
u′(r)eλ(·+t0−r)dr
= eλmin{0,·+t0}u(max{0, ·+ t0}) ∈ L
1(R−).
1The author studies robustness for bounded C0-semigroups.
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Hence, ‖Bt0u‖L1(R
−
) ≤ ‖u‖1 for all t0 > 0.
The 1-admissibility of C follows as in [1, Cor. 4.10], i.e., for f ∈ D(A) we have∫ ∞
0
|CT (t)f | dt =
∫ ∞
0
∣∣∣∣
∫ −t
−∞
f(t+ s) dµ(s)
∣∣∣∣dt
≤
∫ 0
−∞
∫ −s
0
|f(t+ s)| dt d |µ| (s)
≤ |µ| (R−) ‖f‖1 .
Finally, using the above computations for u ∈ W 1,10 (R+), we obtain
‖F∞u‖L1(R+) =
∫ ∞
0
∣∣∣∣
∫
R
−
eλmin{0,s+t}u(max{0, s+ t}) dµ(s)
∣∣∣∣dt
=
∫ ∞
0
∣∣∣∣
∫ 0
−t
u(s+ t) dµ(s)
∣∣∣∣dt ≤
∫ 0
−∞
∫ ∞
−s
|u(s+ t)| dt d |µ| (s)
= |µ| (R−) ‖u‖1 .
Thus, 1 ∈ ρ(F∞) and the pair ((λ−A−1)Dλ, C) satisfies all conditions in Definition 3.3. 
4. Neutral Semigroup
As an application of the results in Section 3 we investigate the asymptotic behavior of the
neutral semigroup (T(t))t≥0 (see (10) for its generator) associated to the following neutral
equation. We suppose
• (A,D(A)) to be the generator of a bounded C0-semigroup (T (t))t≥0 on a Banach
space X with uniform bound M ,
• P ∈ L(C([− 1, 0], X), X),
• F = δ0 −K for some K ∈ L(C([− 1, 0], X), X),
and investigate the equation
(NE)
d
dt
Fxt = AFxt + Pxt, t ≥ 0,
with initial data x(0) = y and x0(·) = f(·) : [−1, 0]→ X where we denote by xt : [−1, 0]→
X the history segments given by xt(s) := x(t + s). For further information, see [9, 13, 19]
and references therein.
We introduce z(t) := Fxt : [− 1, 0]→ X in order to rewrite (NE). We obtain

d
dt
z(t) = Az(t) + Pxt, t ≥ 0,
d
dt
xt =
d
ds
xt, t ≥ 0,
z(t) = Fxt = x(t)−Kxt, t ≥ 0,
with respective initial conditions, where we used [3, Lemma 3.4].
In [13, Prop. 21] Hadd and Rhandi treat such equations and show that the system is
well-posed in a weak sense (i.e., (NE) has unique generalized solutions for any initial value
(x, f) ∈ X := X × L1(−1, 0;X), see [13, Def. 17]), if
A :=
(
A P
0 d
ds
)
(10)
with D(A) := {(x, f) ∈ D(A)×W 1,1(−1, 0;X) : x = f(0)−Kf}
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is the generator of the neutral semigroup (T(t))t≥0 on X, where
(
d
ds
,W 1,1(−1, 0;X)
)
denotes
the first derivative. More generally, we investigate the generator property of (A, D(A)) with
D(A) = {(x, f) ∈ D(A)×W 1,1(−1, 0;X) : Cx = f(0)−Kf}
for C ∈ L(X) and then the asymptotic properties of the generated neutral semigroup
(T(t))t≥0. We shall return to the neutral equation (with C = α · Id) in Remark 4.7.
Our starting point is the operator
A0 :=
(
A 0
0 D
)
, D(A0) := D(A)× {f ∈ W
1,1(−1, 0;X) : f(0) = 0},
where D := d
ds
. The operator (A0, D(A0)) generates the bounded C0-semigroup
(T0(t))t≥0 =
(
T (t) 0
0 S(t)
)
t≥0
with (S(t))t≥0 the nilpotent left translation semigroup on L
1(−1, 0;X). Its asymptotic
properties depend essentially on the semigroup (T (t))t≥0 since (S(t))t≥0 is nilpotent.
Let the operator L0 : X → L
1(−1, 0;X) be given by L0x := 1 · x. We obtain the operator
A through a perturbation from A0 by a pair (B,C) as follows.
Proposition 4.1. Let A0,−1 be the generator of the extrapolated semigroup (T0,−1(t))t≥0
on the extrapolation space XA0−1. Define the operators
B :=
(
I 0
0 −D−1L0
)
: X ×X → XA0−1,
C :=
(
0 P
C K
)
: D(C) ⊂ X→ X ×X,
where D(C) := X ×W 1,1(−1, 0;X). Then A = (A0,−1 +BC) |X.
Proof. The domains D(A) and D ((A0,−1 +BC)|X) coincide since
D ((A0,−1 +BC) |X) :=
{
(x, f) ∈ D(C) : A−1x+ Pf ∈ X, D−1(f − L0Cx− L0Kf) ∈ L
1(−1, 0;X)
}
=
{
(x, f) ∈ D(A)×W 1,1(−1, 0;X) : [f − L0Cx− L0Kf ](0) = 0
}
=
{
(x, f) ∈ D(A)×W 1,1(−1, 0;X) : f(0)− Cx−Kf = 0
}
.
Take (x, f) ∈ D(A), then
(A0,−1 +BC)
(
x
f
)
=
(
A−1x+ Pf
D(f − L0Cx− L0Kf)
)
=
(
A−1x+ Pf
d
ds
f − d
ds
L0(Cx−Kf)
)
=
(
A−1x+ Pf
d
ds
f
)
= A
(
x
f
)
since the range of the operator L0 is contained in ker
d
ds
. 
The operator (A, D(A)) is indeed a generator under suitable assumptions on K and P.
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Assumption 4.2. Let µ and ν : [ − 1, 0] → L(X) be of bounded variation. We assume
that the operators K, P ∈ L(C([−1, 0], X), X) are given by the Riemann-Stieltjes integrals
Pf =
∫ 0
−1
f(r) dµ(r),
Kg =
∫ 0
−1
g(r) dν(r), f, g ∈ C([− 1, 0], X),
and have no mass in 0, i.e., for every ǫ > 0 there exists δ > 0 such that
‖Pf‖X , ‖Kf‖X ≤ ǫ ‖f‖∞
for every f ∈ C([− 1, 0], X) satisfying supp f ⊂ [− δ, 0].
Remark 4.3. We define the variation |µ| of the measure µ : [− 1, 0]→ L(X) to be
|µ| (A) := sup
Z
∑
E∈Z
‖µ(E)‖ , A ⊂ [− 1, 0] measurable,
where the supremum is taken over all partitions Z into finitely many disjoint, measurable
subsets of A. Let P ∈ L(C([−1, 0], X), X) satisfy Assumption 4.2. Then |µ| [− t, 0]
tց0
−→ 0.
Theorem 4.4. Let (A0, D(A0)) be as above and assume that P, K ∈ L(C(−1, 0;X), X)
satisfy Assumption 4.2. Then (A, D(A)) is the generator of a C0-semigroup on X for all
C ∈ L(X).
Proof. We show that (B,C) as above is a Staffans-Weiss perturbation of A0 (see Definition
2.4). The triple (A0,B,C) is compatible since for x, y ∈ X we have
R(λ,A0,−1)B
(
x
y
)
=
(
R(λ,A)x 0
0 L0y − λR(λ,D)L0y
)
∈ X ×W 1,1(−1, 0;X).
The following relies on computations performed in [1, Cor. 4.10], see Example 3.12 as well.
For arbitrary t0 > 0 and u1, u2 ∈ W
1,1(0, t0;X) we obtain
∥∥∥∥
∫ t0
0
T0,−1(t0 − r)B
(
u1
u2
)
(r)dr
∥∥∥∥ =
∥∥∥∥
∫ t0
0
T (t0 − r)u1(r)dr
∥∥∥∥
+
∥∥∥∥
∫ t0
0
S−1(t0 − r)(−D−1L0)u2(r)dr
∥∥∥∥
≤M ‖u1‖1 + ‖u2‖1 =: M
∥∥∥∥
(
u1
u2
)∥∥∥∥
L1(−1,0;X×X)
.
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Thus, B is infinite-time 1-admissible. Choose t0 > 0. For all (x, f) ∈ D(A0) we obtain∫ t0
0
∥∥∥∥
(
0 P
C K
)
T0(s)
(
x
f
)∥∥∥∥ ds ≤
∫ t0
0
‖PS(s)f‖ds
+
∫ t0
0
‖KS(s)f‖ds +
∫ t0
0
‖CT (s)x‖ds
≤
∫ 1
0
∣∣∣∣
∫ −s
−1
f(r + s) dµ(r)
∣∣∣∣ds
+
∫ 1
0
∣∣∣∣
∫ −s
−1
f(r + s) dν(r)
∣∣∣∣ ds +
∫ t0
0
‖CT (s)f‖ds(11)
≤
∫ 0
−1
∫ −r
0
|f(r + s)| ds d |µ| (r)
+
∫ 0
−1
∫ −r
0
|f(r + s)| ds d |ν| (r) + t0 ‖C‖M ‖x‖
≤ ‖f‖1
(∫ 0
−1
d |µ| (r) +
∫ 0
−1
d |ν| (r)
)
+ t0 ‖C‖M ‖x‖
= (‖µ‖+ ‖ν‖) ‖f‖1 + t0 ‖C‖M ‖x‖ ,
where ‖µ‖ := |µ| [ − 1, 0] (and ‖ν‖ respectively). Hence, the operator C is 1-admissible.
For 0 < t0 ≤ 1 and u1, u2 ∈ W
2,1
0 (0, t0;X)∫ t0
0
∥∥∥∥
(
0 P
C K
)∫ t
0
T0,−1(t− r)B
(
u1(r)
u2(r)
)
dr
∥∥∥∥dt
≤
∫ t0
0
∥∥∥∥P
∫ t
0
S−1(t− r)(−D−1L0)u2(r)dr
∥∥∥∥ dt
+
∫ t0
0
∥∥∥∥K
∫ t
0
S−1(t− r)(−D−1L0)u2(r)dr
∥∥∥∥ dt
+
∫ t0
0
∥∥∥∥C
∫ t
0
T (t− r)u1(r)dr
∥∥∥∥ dt
≤ (|µ| [− t0, 0] + |ν| [− t0, 0]) ‖u2‖1 + t0 ‖C‖M ‖u1‖1 ,
see [1, Cor. 4.10] for analogous computations. Hence, the pair (B,C) is 1-admissible
and 1 ∈ ρ(Ft0) for some t0 sufficiently small by Assumption 4.2. Theorem 2.5 yields the
assertion. 
In order to obtain the following robustness result we have to make sure that (B,C) is an
infinite-time Staffans-Weiss perturbation of A0.
Proposition 4.5. Let (A0, D(A0)) be the generator of the bounded C0-semigroup (T0(t))t≥0.
Assume that
(i) [t 7→ T (t)x] ∈ E(X) for some asymptotic subspace E(X) ⊂ Cub(R+, X) and all x ∈ X,
(ii) P and K ∈ L(C([− 1, 0], X), X) satisfy Assumption 4.2,
(iii) (B,C) satisfies condition (ii) in Definition 3.3.
Then [t 7→ T(t)z] ∈ E(X) for all z ∈ X, where E(X) ⊂ Cub(R+,X) is defined analogously to
E(X).
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Proof. By Theorem 4.4, the pair (B,C) is a Staffans-Weiss perturbation of A0 and B is
infinite-time 1-admissible. Since we assume the condition (ii) in Definition 3.3 to hold,
Theorem 3.7 gives the assertion. 
We present a situation in which the conditions of Proposition 4.5 are satisfied.
Corollary 4.6. Let (A0, D(A0)) be the generator of the C0-semigroup (T0(t))t≥0, (B,C)
as in Proposition 4.1. Assume, in addition, that
(i) [t 7→ T (t)x] ∈ E(X) for some asymptotic subspace E(X) ⊂ Cub(R+, X) and all x ∈ X,
(ii) P = pδ−1, K = kδ−1 with p, k ∈ L(X) satisfying ‖p‖+ ‖k‖ < 1,
(iii) C ∈ L(X) such that
∫ t
0
‖CT (s)x‖ds ≤ q ‖x‖ for all x ∈ D(A), t > 0 and some
0 ≤ q < 1.
Then [t 7→ T(t)z] ∈ E(X) for all z ∈ X.
Proof. By Proposition 4.5 it remains to show that condition (ii) in Definition 3.3 is satisfied.
For u ∈ W 2,10 (R+, X) we have
∫ ∞
0
∥∥∥∥P
∫ t
0
S−1(t− r)(−D−1L0)u(r)dr
∥∥∥∥ dt ≤ ‖p‖
∫ ∞
0
∥∥∥∥δ−1
∫ t
0
S−1(t− r)(−D−1L0)u(r)dr
∥∥∥∥ dt
= ‖p‖
∫ ∞
0
∥∥∥∥u(t)− δ−1
∫ t
0
S(t− r)L0u
′(r)dr
∥∥∥∥ dt
= ‖p‖
∫ ∞
0
∥∥∥∥u(t)−
∫ t
max{0,t−1}
u′(r)dr
∥∥∥∥ dt
= ‖p‖
∫ ∞
1
‖u(t− 1)‖dt = ‖p‖ ‖u‖1 .
We show that 1 ∈ ρ(F∞). For u1, u2 ∈ W
2,1
0 (R+, X) we obtain
∫ ∞
0
∥∥∥∥C
∫ t
0
T0,−1(t− r)B
(
u1(r)
u2(r)
)
dr
∥∥∥∥ dt ≤
∫ ∞
0
∥∥∥∥P
∫ t
0
S−1(t− r)(−D−1L0)u2(r)dr
∥∥∥∥ dt
+
∫ ∞
0
∥∥∥∥K
∫ t
0
S−1(t− r)(−D−1L0)u2(r)dr
∥∥∥∥ dt
+
∫ ∞
0
∥∥∥∥C
∫ t
0
T (t− r)u1(r)dr
∥∥∥∥ dt(12)
≤ (‖p‖+ ‖k‖)
∫ ∞
1
‖u2(t− 1)‖dt + q ‖u1‖1
≤ (‖p‖+ ‖k‖) ‖u2‖1 + q ‖u1‖1
where we estimated (12) as in the proof of Corollary 3.9. Hence, ‖F∞‖ < 1.
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For t > 0, we denote by Ct the observation map corresponding to A0 and C. Using
assumption (iii) and repeating the estimate (11) in Theorem 4.4, we obtain
sup
t>0
∥∥∥∥(1− Ft)−1Ct
(
x
f
)∥∥∥∥ ≤ (1− ‖F∞‖)−1 sup
t>0
∫ t
0
∥∥∥∥
(
0 P
C K
)
T0(s)
(
x
f
)∥∥∥∥ ds
≤ (1− ‖F∞‖)
−1 sup
t>0
(∫ t
0
‖CT (s)x‖ds + (‖k‖ + ‖p‖)
∫ t
0
‖δ−1S(s)f‖ds
)
≤ (1− ‖F∞‖)
−1
(
q ‖x‖+ (‖k‖+ ‖p‖)
∫ 1
0
‖f(s− 1)‖ds
)
= (1− ‖F∞‖)
−1(q ‖x‖+ (‖k‖+ ‖p‖) ‖f‖1)
< (1− ‖F∞‖)
−1
∥∥∥∥
(
x
f
)∥∥∥∥
for all (x, f) ∈ D(A0). 
Example 4.7. Let (A,D(A)) be the generator of a uniformly exponentially stable C0-
semigroup (T (t))t≥0 with ‖T (t)‖ ≤Me
−ωt and k, p ∈ L(X).
We consider the neutral equation
d
dt
[x(t)− kx(t− 1)] = A[x(t)− kx(t− 1)] + α · px(t− 1), t ≥ 0, α > 0.
with initial data x0 = f and x(0) = y. Generalized wellposedness of the neutral equation
corresponds to the generator property of the operator matrix
A =
(
A αpδ−1
0 d
ds
)
D(A) = {(x, f) ∈ D(A)×W 1,1(−1, 0;X) : x = f(0)− kf(−1)}
defined in (10), see [13]. Using the isomorphism Sα
(
x
f
)
=
(
x
αf
)
on X we consider the
operator matrix
A˜ =
(
A pδ−1
0 d
ds
)
D(A˜) = {(x, f) ∈ D(A)×W 1,1(−1, 0;X) : αx = f(0)− kf(−1)}
given by A˜ = SαAS
−1
α .
Choose operators k and p with ‖k‖ + ‖p‖ < 1 and α > 0 such that Mα < ω. The
assumptions in Corollary 4.6 are satisfied (see also Proposition 3.10 for C = α · Id). Hence,
(A˜, D(A˜)) generates a C0-semigroup (T˜(t))t≥0 and the orbits satisfy [t 7→ T˜(t)(x, f)] ∈
C0(R+,X) for all (x, f) ∈ X since the semigroup (T (t))t≥0 is strongly stable.
Finally, we conclude that (A, D(A)) generates a C0-semigroup (T(t))t≥0 having orbits in
C0(R+,X) since
T(t)
(
x
f
)
= S−1α T˜(t)
(
x
αf
)
t→∞
−→ 0
for all (x, f) ∈ X.
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